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Abstract

A new joint probability distribution of three normal-
ized structure factors is derived for the case of N
equal atoms in the space group P1. The distribution
appears in a series expansion. Convergence of the
series is obtained by inclusion of higher-order terms
up to order N, although with the exception of terms
up to order N2 the distribution does not contain
all possible terms. Test results show improved esti-
mates of the absolute value of the triplet phase sum
when compared with the Cochran distribution. In
particular, the systematic errors are reduced
appreciably.

1. Introduction

If a sufficient number of linear independent structure
invariants (s.i.’s) @g, + ... + @y, = ¢; were known, the
phases ¢y could be calculated and the structure could
be solved. In practice, however, the i; are not known,
unless information can be obtained by anomalous
scattering (Kroon, Spek & Krabbendam, 1977
Heinerman, Krabbendam, Kroon & Spek, 1978) or
dynamical diffraction experiments (Post, 1977, 1979).
In the absence of knowledge of the ¢;, a possible
approach to the structure determination is the estima-
tion of cos i or ||, the absolute value of the triplet
phase sum i, on the basis of the | Ey| values. Starting
from the linearization of products of structure factors
and using probabilistic calculations, several authors
have shown how to employ estimated cos ¢; values
and enantiomorph-specific cosine seminvariants in
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practical procedures (Karle & Hauptman, 1958;
Hauptman, Fisher, Hancock & Norton, 1969; Haupt-
man, Fisher & Weeks, 1971; Hauptman, 1972).
Oithof, Sint and Schenk have shown that empirical
estimates of |y5| can also be useful in enantiomorph-
specific procedures (Olthof, Sint & Schenk, 1979;
Olthof & Schenk, 1981; Olthof, 1981).

Instead of empirical estimates, theoretical esti-
mates might also be used. Up till now, several joint
probability distribution (j.p.d.) expressions involving
the three complex-valued normalized structure fac-
tors (n.s.f’s) Ep, Ep, and Eg.n have been
developed from which triplet phase sum estimates
may be obtained (e.g. Cochran, 1955; Bertaut, 1956;
Karle & Hauptman, 1956, 1958; Naya, Nitta & Oda,
1965; Tsoucaris 1970; Hauptman, 1971; Giacovazzo,
1974; Heinerman, 1977; Heinerman, Krabbendam &
Kroon, 1977). Recently it was shown that a further
improvement might be gained by including all struc-
ture factors in the j.p.d. derivation (Giacovazzo,
1977b; Cascarano et al, 1984). The distributions
appear either in an exponential or in a series-
expansion form. The exponential expressions, e.g. the
well known Cochran distribution [Cochran (1955);
see also (I.17) in Appendix I of the present paper]
are correct only up to order N~/ which may result
in systematically incorrect estimates, in particular for
smaller values of N. The j.p.d.’s in series-expansion
form may also lead to incorrect estimates. These errors
are the result of insufficient convergence of the series.
Several procedures have been suggested to improve
this convergence, for example the transformation of
the series expansion into an exponential (e.g. Bertaut,
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1960; Karle 1972; Karle & Gilardi, 1973). The
inclusion of higher-order terms, i.e. terms depending
on higher order of N™'/2, is another possibility to
improve convergence of a series expansion. The last
approach is explored in this paper.

The j.p.d.’s mentioned are in fact based on the use
of the moments-cumulants transformation for obtain-
ing the characteristic function (c.f.). With this trans-
formation, the inclusion of higher-order moments
increases quickly the number of terms to be included
in the final series expansion (Klug, 1958; Naya, Nitta
& Oda, 1965; Peschar & Schenk, 1986). In order to
avoid this, an alternative derivation of a j.p.d. of three
n.s.f.’s is presented, valid for N equal atoms in space
group P1. The j.p.d. aimed for will be obtained via
the calculation of the c.f. For the calculations, the
atomic coordinates are chosen to be the primitive
random variables (p.r.v.’s), because of the relative
ease of the mathematical calculations [for a dis-
cussion of the preferable use of either the atomic
coordinates or the indices as the p.r.v.’s see eg.
Hauptman (1975), Heinerman (1977), Giacovazzo
(1977a, 1980)]. In contrast with existing methods, no
use is made of the moments-cumulants transforma-
tion for the calculation of the c.f. Instead an approxi-
mation formula is applied such that the initial series
expansion of the c.f., involving the moments, can be
written in an integrable form. The resulting series
expansion contains a large number of higher-order
terms, although not as many as by using the moments-
cumulants transformation. The derivation of success-
ive terms in the final series-expansion expression is
done with the help of a computer program. Inclusion
of terms up to order N> ensures sufficient conver-
gence, as is shown by test results. Thus, although it
cannot be claimed that the resulting joint probability
distribution is correct to any order of N greater than
N2 the inclusion of the present selection of higher-
order terms is sufficient to obtain a converging series.
Finally, on the basis of test results for some model
structures in space group P1, the new j.p.d. is shown
to compare favourably with the Cochran distribution.

2. The j.p.d. of the three n.s.f.’s Ey, Eq, and Ey,

Suppose that in the group P1 the reciprocal vectors
H,, H, and H; are fixed and subject to the condition

H1+H2+H3EO- (1)

For structures consisting of N identical point atoms,
the n.s.f. Ey can be defined as

N
Ey=Au+iBy=N""2Y exp(2@iH.1;). (2)

j=1
The magnitude |Ey| and the phase ¢y of Ey are
assumed to be continuous random variables, denoted
by R and @ respectively. Following Karle & Haupt-
man (1958), the j.p.d. of the phases ¢u,, ¢n,, @n, and
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the magnitudes |Ey|, |Ex,|, | Ex,| of the three n.s.f.’s,
P = P(¢ls ¢2, @3’ Rl, R29 R3)’ (3)

is written as a sixfold integral

P=[R.RRyCQm)] | |

P1,P2,p3=0 6,,6,,6;=0

3
X exXp [—i Y p.R, cos(0,— 45,,)]
v=1

P1P2P3

X C(el) 92) 03’ P15 P2, PS) dol d02 do3 dpl dp2 dPS,
(4)
while the c.f. C(8,, 0,, 65, p,, p2, p3) can be written

N
C(oh'",p3)=l—[l Cj (5)
j=
with

3
cj=<exp [iN_‘/2 Y p, cos (217H,,.rj—ey)]>rj. 6)
v=1

In contrast with the method used by Karle & Haupt-
man (1958), averaging over a reciprocal vector, the
average in (6) is over all possible positions of the
atom labelled j. [See Appendix II for a short deriva-
tion of (4)-(6).]

After the evaluation of the average in (6), see
Appendix II, the following expression for ¢ is
obtained.

=Y (=i)"J.(N"2p)J.(N"?p,)J,(N""?p;)

n=-oo

xexp [—in(0,+ 0,+ 65)] (7)

with n an integer and J,, the nth-order Bessel function
(see Appendix I).

Thus, the c.f. ¢(8,, ..., p3) (5) consists of an N-fold
product of summations (7), which can be written as
an N-fold summation.

oC

C= Y (=i)"exp[—im(8,+6,+865)]
1 T J.(N""?p,) (8)

t=1v=1

with

m=
H

n,. 9
1

™Mz

Now substitute (8) into (4) and integrate over 6,, 6,
and 6; using (1.7). In view of (8) and (9) a summation
over m can be defined first, while next, for each value
of m, summations over n,, ..., ny are performed such
that (9) is satisfied. This results in

P=[R,R;R;/(27)’]
X ¥ exp[~im(®,+®s+ &1)]hy(Ry, Ra, Ro)
(10)
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with

hm(Rl’ R29 R3) = Z Ii[] {0.5: pva(pvRv)

ny+n+.dnny=m

N
x 1 J.,(N7?p,) dpv}, (11

t=1
where the independence of the integrations over p,,
p, and p; has been used.

Equation (11) implies that three identical integra-
tions have to be performed for each set of numerical
values (ny,..., ny) of the N-fold summation. This
formula can be somewhat simplified by introducing
different summation variables in the following way.
Suppose that in a certain (n,, . .., ny) set the number
of different n; values is k (k€[1, N]). Denote these
k different values by g, (A €[1, k]). Next denote by
I, the frequency of g, in a certain (n,,..., ny) set.
Thus,

l)t=N
1

(12)

™M=

and

(13)

k
Y gph=m.
A=1

In (11) the number of (n,, ..
to the identical product

., hy) sets which reduce

3 k
1 11 [, (N72p,)]%
v=1A=1
can be calculated, using combinatorics, as

k
comg,;=N!/ [ L! (14)
A=1
Hence, the N-fold summation in (11) is changed into
summations over the total number of different values
g, the actual values of ¢ and the frequency ! of these
values g, leading to

k o N
hm(Rl’ R2a R3) = Z Z Z comq,l
A=1 g, ga=—0 I,y =1
3 ©
x 11 {g puIm(puR,)

X ﬁ[} [L(N"p )" dpv} (15)

under the conditions (9), (12) and (13).

The integrations in (15) cannot be performed
directly. Therefore, the approximation formula (1.8)
has been used as well as (I.11). After integrating the
approximate expression for (15), shown in detail in
Appendix III, an expression for the j.p.d. can be
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derived, using (III.16),
P(¢l’ 4)2’ ‘p3, Rl’ RZ: RS)
=(RyR,R;/ ) exp [-Ri- R3—Ri]

X ¥ exp[-im(P,+D, + D;)18.(R1, Ry, R3)

(16)
with
gm(Rls RZ’ R3)
k <<} N
=2 Z 2 comg,

A=1 g1,c,@p =— ly,....\ =1

X ﬁ {cxp [R2(1-D7?]P, .«(R,D™")
v=1

A -1
x [N‘“*“ V2prste T (Iq,lz)'r] } an
t=

The variables u, u*, D and the function P, ,« are

given by
A
o= (L taem) /2
A

19)
D*=N" £ 1/(al+1);

Puse(R/D)= & (=1)7TI()(5)(R/ DY

(19)

for u=p* and P, ,«= P« .

3. Conditional j.p.d. of the triplet phase sum ;=
©@H, + ©@n, + ©Ou, with H3 = -Hl - Hz, given the
magnitudes |Ey |, |Ex,| and |Ey|

Use of inequality theory

Denote by ¥, the random variable associated with
the triplet phase sum ¢,

3= ou,+ Ou,t Ou,, H;=-H,-H,. (20)

The conditional j.p.d. of ¥; given the magnitudes
|Eg, | Exs,| and | Ex| can easily be obtained from (16)
using elementary statistics,

P(¥3|Ry, Ry, R;)

=L ¥

m=—co

eXp [_imqu]gm(Rla R23 RB)’ (21)

L is the normalization constant.
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A certain similarity between (16)-(17) and the
Cochran distribution (1.17) can be observed when
(1.17) is expanded using (I.6). The function
gm(Ry, R, R;) in (16) apparently plays the same role
as the modified Bessel function in the Cochran
expression.

From Appendix III, g,, = g_,,, thus

P(;|R;, Ry, Ry)

= L_l{ g(Ry, R;, R;)

+2 z gm(Rh RZ, R3) Cos (mlp3)}°

m=1

The normalization constant L is defined as

L= j {go+2 E: & COS (m'Ig)} dv;,.  (22)

The integration path in (22), usually taken from —=
to m, can be defined as follows. It is well known that
the non-negativity of the electron-density function
implies the existence of inequalities between structure
factors (Karle & Hauptman, 1950; Goedkoop, 1950).
A third-order case, expressed in E values, is

E, E g, Eq,
Ey, E, Ey +m,| =0. (23)
E_y, E_n-nm Eo

Expansion of (23) yields a restrictive condition for ¢,

cos Y3 =p (24)
with
p=(Euf +|Ex) +|Exf - N)
X (2| B, Exy Ex))] N7V2) 71 (25)

Ey = E, implies p=<1, while of course cos y=p=
—1. If we denote by min (|p|, 1) the smallest value of
Ip| and 1, and introduce the notation

X =arc cos [min (|p], 1)] (26)
the integration interval in (22) is
[-X X1 (27)

When p =< -1, there is no restriction on ¢; and this
interval becomes the commonly used interval
[—m, ). From (27) and (22) L is obtained,

L=2go(Ry, Ry, R3) X
+2 T {[en(Rs, Ry, R sin XY/ m).  (28)

From (21), (27) and (28) expressions for expectation
values can be calculated, for example the expectation
values of |¥,| and |¥;® given the magnitudes |Ey,
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|Ey| and |Egy:
(||| Ry, Ry, R3)

=L“(goX2+2 Y gm{X sin(mX)/m
m=1

+[cos (mX)—11/ mz}\) (29)

and

(| Z4*| Ry, Ry, Ry)

= L—l{§goX3+2 Y gm[X”sin (mX)/m
m=1

+2X cos (mX)/m*—2sin (mX)/m3]}. (30)

From (29) and (30) the expression for the variance
of |¥;| is obtained in a standard way.

The definition of the integration interval via (25)-
(27) can also be used in connection with the Cochran
distribution: (I.17) is easily integrated numerically
from —X to X.

4. The calculation of the terms of the conditional j.p.d.

For the calculation of (20), it appears to be helpful
to have an expression for the order, i.e. the N depen-
dence, of the terms in the series expansion (17). From
(17) it can be concluded that the order of the terms
of the series depends on com,; and on

N-He+e® o 3T lalh (31)
Defining
Il = N, A= 1
= A 32
@=0 and § NS az2aelbkl, O
=2
one can write comg; as
1 forA=1
(33)

A A
NYTI I,!(N— ¥ I,)! forA=2
1=2 =2

provided that ¥'3_, I, < N. Combination of this with
(31) gives the order of a term in (17):

1 A=
N-Z _p1Glg -1 A=2. (34)

From (34) a few interesting calculation conditions
can be observed for the case A =2. Suppose we want
to include in our calculations all terms up to and
including order N™SM**_ with

A
SMAX =¥ L(Glql-1), A=2
‘gz (2|ql ) (35)

=0, A=1.
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Table 1. Maximum values of |q,| and 1, in (35) for

A=1 (SMAX=0-0) and A =2 (t=2; SMAX=0-5)

and the cumulative number of terms up to and including
O(N~SMAX) in (21)

Cumulative number

SMAX max | max |q| of terms in (21)
0-0 N 0 1
0-5 1 1 2
1-0 2 1 4
1-5 3 1 6
2:0 4 2 10
2-5 5 2 15
3.0 6 2 22
3.5 7 3 31
4-0 8 3 45
4-5 9 3 62
5.0 10 4 85

As the minimum value of |g;| in (35) is one, the
maximum obtainable / value equals 2 x SMAX. This
means that at most 2xX SMAX n values of a certain
(n,, ..., ny) set are not equal to zero. The minimum
value of I in (35) is one. This implies that the
maximum individual |q| value can be obtained from
(35) as [2xX(SMAX+1)/3], i.e. the smaller nearest
integer of 2x (SMAX+1)/3.

With these conditions, a two-step algorithm has
been devised to calculate expectation values. The first
step consists of generating expression (17) without
using actual values for N and |E|’s. In this step, for
each term in (17) the values of u, u*, D and other
parts which depend on the q and [ values are calcu-
lated. Thus, in fact this first step consists of the
derivation of the j.p.d. (16)-(17). Although this can
be done by hand, it is unpractical to do so, and instead
a computer program has been written which evaluates
the values u, u* ete. of the terms in (17) and stores
them on an internal or external device. The second
step, the calculation of the expectation values, is now
asimple summation, employing the already generated
expression (17) and the current N and |E| values of
a certain triplet. The maximum |g| and ! values in
(35) as well as the number of terms in (17) up to a
certain SMAX value are shown in Table 1. When
terms up to and including O(N~?) are included in
the distribution, the computer time needed to calcu-
late the expectation values is about the same as the
time needed to calculate expectation values by
integrating the Cochran distribution numerically.

In Tables 2, 3, 4 and 5 test results are shown for
four randomly generated equal-atom structures in
space group P1. From comparison of the tables, it
can be observed that the mean systematic difference
Avl is considerably lower for the new distribution
when compared with the Cochran distribution. As
might be expected, this trend gets less strong when
the number of atoms increases. The same observations
can be made in the case of the mean absolute
difference Av2, although these results are less sig-
nificant. Comparable results have been obtained for

313

Table 2. Cumulative means Avl and Av2, both in
mcycles, for a randomly generated equal-atom
structure, N =15, space group P1

{|¥;)) calculated from (29) (New) and via numerical integration
of (1.17) (Cochran). Ey=|Ey EyE. g _p|N7'/2 Strongest 200
E,| values used, |Ey|=1-23

Under Number New Cochran

limit E, triplets Avl A2 Avl  Av2
2:3 10 -3 23 -16 27
1-8 52 -14 28 =26 34
1-6 103 -10 31 ~23 36
14 216 -12 34 -25 40
1-1 481 -10 38 -24 43
1-0 654 -12 41 -26 45
09 857 -11 44 -26 47
0-8 1092 -8 48 24 50
0-7 1309 -9 50 =25 52
0-6 1501 -9 53 -25 55

Table 3. N =25, space group P1, Avl and Av2 in
mcycles

Strongest 250 |Eyy| values used, |Ey|=1-38.

Under Number New Cochran
limit E; triplets Avl Av2 Avl Av2
17 35 -18 30 -28 36
1-5 78 -7 36 -17 39
13 194 -2 45 -12 48
1-2 308 -7 44 -17 47
11 460 =7 48 -17 52
1-0 698 ~8 50 -19 54
09 970 =7 53 -18 57
0-8 1298 -7 55 -19 59
0-7 1671 -7 59 -19 62

Table 4. N =50, space group P1, Avl and Av2 in
mcycles

Strongest 250 |Ey| values used, |Ezy|=1-59.

Under Number New Cochran

limit E; triplets Avl Av2 Avl Av2
1-8 21 3 32 -3 30
1-6 43 =7 34 -13 35
14 103 -9 42 -16 44
1-2 202 -13 45 —-20 47
1-0 446 =7 53 -14 56
09 666 -4 58 -12 60
0-8 867 -4 61 -11 63
0-7 1093 -3 64 -10 66
0-5 1214 -3 66 —10 68

Table 5. N =100, space group P1, Avl and Av2 in
mcycles

Strongest 250 | Ey| values, | Ey|=1-58.

Under Number New Cochran

limit E; triplets Avl Av2 Avl Av2
1-1 28 -11 46 -15 48
1-0 44 -15 52 -20 54
09 92 -11 57 -16 58
0-8 175 -4 70 -9 72
0-7 314 -5 74 -10 75
06 544 0 80 -4 81
0-5 834 -2 84 -6 85
0-4 935 -6 86 -10 87
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Table 6. N =30, space group P1, realistic model
structure (Kanters & van Veen, 1973; slightly
modified)

Strongest 300 |Ej| values, |E,|=1-43.

Under Number New Cochran
limit E, triplets Avl Av2 Avl Av2
2-3 25 +1 26 -6 26
2-1 49 -1 29 -9 29
19 104 -11 32 -19 35
17 201 -10 33 -18 36
1-5 379 -14 34 -22 38
1-3 692 -13 38 =23 4?2
1-1 1181 -17 42 =27 46
0-9 1952 -19 48 -29 52
0-7 2690 =21 53 =31 58
0-5 2852 -22 54 =31 59

a realistic model structure in P1 [Kanters & van Veen
(1973), changed into an equal-atom structure], shown
in Table 6.

It has been shown that it is possible to obtain
reliable estimates of |¥| via a j.p.d. in a series-
expansion form. However, the inclusion of a vast
number of higher-order terms, successively calculated
by a computer program, is essential to obtain
sufficient convergence. It must be noted that, owing
to the approximation as applied here, not all higher-
order terms are present but a selection of them only.
Our results show that this selection is broad enough
to reach the same goal, a converging series. Our results
show further that in particular the systematic differen-
ces between the expectation values of |¥;| and the
calculated | ;| values are lower for the new distribu-
tion, when compared with the results obtained via
the Cochran distribution. This may find future appli-
cation in enantiomorph-specific procedures, such as
those described by Olthof & Schenk (1981).

Test results and conclusions

As indicated in the Introduction, j.p.d.’s in a series-
expansion form can suffer from insufficient conver-
gence. The convergence of the distribution can be
examined by looking at the changes in expectation
values when higher-order terms are included in the
distribution. In Table 7, the convergence of the distri-
bution (21) can be observed for five examples via
(|1P3|) and o?(|®,|), the expectation value and the
variance of |¥;|. It appears that when terms up to
and including O(N~°) are present in the distribution
no further significant changes in (| %,]) and o(|¥,|)
occur. For comparison the values obtained via
numerical integration of the Cochran distribution
(I.17) are shown.

Further numerical tests have been performed in
order to compare the present distribution with the
Cochran distribution. For both distributions the
expectation values {|¥;|) have been compared with
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the | W] values as calculated from the structure. The
overall differences between (|¥,|) and |¥;| on the
basis of the structure can be examined via the cumula-
tive averages,

Av1={ PR AR 'Igl))} Y. inmcycles (36)

Triplets
and
sz:{ Y ||1P3|—(|1If3|)[} Y. inmcycles. (37)
Triplets Triplets

Avl and Av2 can be interpreted as the cumulative
systematic and cumulative differences
respectively. In the summation of (36) and (37)
only those triplets are included with an
|Eps, Eti,E—pi,—11,] N /% value above a certain limit.
Sorting of the triplets on the basis of the variances
a*(|P)), as calculated from the distribution, instead
of the |Ey Ep E_p 1| N7 value yields a similar
ordering of the triplets.

The authors thank Dr C. H. Stam for helpful
criticism regarding the manuscript. The authors also
thank one of the referees in particular whose valuable
criticism helped to improve the quality of this
paper.

APPENDIX 1
Basic formulas

The generating function for the Bessel functions of
the first kind and order n, J.(Z), is

exp[(Z/2)(t-1/0)]= ¥

n=-00

t"J.(Z), (L1)

n integer (Watson, 1952, p. 14). Substitution of ¢t =
iexp (ip) in (1.1) yields (Watson, 1952, p. 22)
exp [iZ cos p]= ¥

n=-—co

If t is changed into —¢ ™" in (1.1) (Watson, 1952, p. 15),
J—-n(Z)z(—l)"Jn(Z), (13)

n integer. Expansion of (I.1) in ascending powers of
Z leads to (Watson, 1952, p. 40)

i"J,(Z)exp[ing]. (1.2)

J(Z)=% (-1)™(Z/2)"?"/m(n+m)! (14)
m=0
The modified Bessel function of the first kind, I,(Z),
is defined as (Watson, 1952, p. 77)

L(Z)=i"",(iZ). (L.5)
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Table 7. Convergence of (21) monitored via {|¥|) and o*(|¥;|) {| ¥;|) calculated from (29), o?(|W4|) from (29)
and (30), both containing terms up to and including O( N ~SMAX)

(| W) and o(|¥;|) of Cochran distribution calculated via numerical integration of (11.12). {| %;|) in rad x 1000/ 2, rounded off. (| ¥;|)
in squared rad x1000/2, rounded off. p calculated from (25).

N=25 A B C D E

| By 150 2:0 2:5 25 3-0

[Egg) 1-50 2:0 25 30 3-0

|E_ gty 1-50 2:0 2:5 3-0 30

NYVYEy EyE g 1) 0-675 160 3-125 45 5-2

p -13-52 —4-06 -1-00 -0.08 0-192
SMAX 0-5 1-0 1:5 2-0 2-5 3-0 3-5 4-0 4-5 50 Cochran
A () 115 127 125 125 125 125 125 125 125 125 136
(| 7)) 17 70 68 68 69 69 69 69 69 69 78
B (¥ -37 103 68 69 68 68 68 68 68 68 78
(| ¥s)) ~385 83 12 22 20 20 20 20 20 20 25
C (%) 238 148 9 58 44 45 44 44 4 44 53
(| ¥;) —-1363 169 -129 36 2 10 8 8 8 8 11
D {|¥s) 99 68 49 44 42 38 36 36 36 35 43
o*(|¥)) 27 10 1 5 8 5 4 5 5 5 7
E (%) 92 72 54 43 38 36 34 33 32 32 39
() 22 15 7 2 3 5 5 4 4 4 6
Application of (1.5) to (1.2) leads to A particular case of (I.11) is given by
© © R
exp[Zcospl= ¥ IL,(Z)expline]l. (1.6) | J.(at) exp [—p?t?/41t" dt
n=— 0
From (I.2), with the procedure of Watson (1952, p. 20) =[2""a"/(p») " exp[—a?*/p*]. (1.12)

2z + b itt
| exp[iZ cos (6 —¢)—im6] do Ln(1+x) can be written
1]

=27i"™ exp [—imp1J,.(Z). (L.7) Lo(1+x)= Z (1) (n+1)

For small values of Z, J,(Z) can be approximated for |x|<l orx=1. (I.13)

(Watson, 1952, p. 421) by An elementary trigonometric formula (Hauptman,
J(Z)=[(Z/2)"/n]exp[-Z*/4(n+1)], (1.8) 1971)is

for small Z. YA, exp{i(ptay)=xexp{ile+&} (1.14)
The Weber-Sonine integral (Watson, 1952, p. 393) A
is given by
o with
| J.(at) exp [-p?*]* 7 dt V2
0
Y =1Y AA, cos{a,—a )} (I.15)
={T[(v+u)/21(a/2p) exp(~a’/4p®)/2p*T (v +1)} { e e
X Fi[(v—u)/2+1; v+1; a*/4p?] (L9)
for Re(v+u)>0;arg(p)]<w/4. The confluent
hypergeometric function , F;(—n; a +1; x) is related
to the generalized Laguerre polynomial L;(x) via x exp (i)=Y A, exp (ia,). (1.16)
A
n!I'(a+1)
I'la+n-1)

(1.9) can therefore be rewritten as

and

Fl-na+1;x)= L%(x). (1.10) The Cochran distribution (Cochran, 1955) is
P(¥3|Ry, R, Ry|)
. =L 'exp[2R,R,R;N 2 cos ¥,], (1.17)
.([ J,(at) exp[-p*i*/4]t* 7 dt with the notation L normalization constant, ¥; ran-
=2 (w-0)/2-111a"/p*"} R, random variabte associated with he absolute value
xexp [~a?/p*1Liu-j2-1(a°p™%). (L11)  of the ns.f. E,
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APPENDIX II
Brief derivation of equations (4)—(6)

Denote by X and Y the random variables associated
with the real and imaginary parts Ay and By, respec-
tively, of a n.s.f. Ey. According to the notation of
Karle & Hauptman (1958), the expression for the
j-p-d.of Ay, Ay, An,, By, By, and By, can be written

P(Xl, X2s X3, Yl’ YZ, Y3)

—@m~* |

X15X2,X3,¥1,¥2:Y3=—%
X C(xly X2, X35 Y15 V2, y3)
X dxl dxz dX3 dyl dyz dy3.

3
exp [—i Yy X, x,+Y, ,]
v=1

(IL.1)

The expression for the c.f. ¢(xy,..., ys) is

C(xl’ X2, X35 Y15 Y2 }’3)
o 3
= [ exp [+i Y X, x,+ Y,,y,,]
X140y Y3=—00 v=1

xP(Xy,..., Y3)dX,,...,dY;

= <exp [i i (Apx,+ BH,yv)]>

The average in (IL.2) is over all possible positions of
the atomic coordinates, the p.r.v.’s. Substitute (2) into
(I1.2) and assume that the p.r.v.’s are independent of
each other. Then,

C(x,,..

(11.2)

atomic coord.

"yS)

N 3
=TI <exp {iN'”2 Y [x,cos(27H,.1;)
Jj=1 v=1

+y,sin(27H, . r,~)]}>rj. (I1.3)

The average in (I1.3) is over the possible positions of
each atom separately.

After application of transformations from Car-
tesian to polar coordinates,

X.,=R,cos D,

X, =p, €0s 6,

Y,=R,sin &,
Y, =p,sing,,
(IL.1) is changed to (4), and (I1.3) to (5).

(11.4)

Derivation of c;, expression (7)

Employing (1.2) and H;=-H, -H,, one can write
(6) as -

6= %

X Jns(N_l/zps) exp [—i(n,6,+ ny0,+ n36;)]
X (exp {277"'} . [Hl(nl - n3)
+H,(n,— ns)]})l'j‘

i (N2 1 (N0

(IL.5)

A NEW JOINT PROBABILITY DISTRIBUTION

The average in (IL.5) can be evaluated by integrating
(IL.5) over x;, y; and z; using the integration interval
[0,1], assuming independence of and uniform
distributions for x;, y; and z;.
In general, the integrations in (IL5) yield zero,
unless
H](n]_n3)+H2(n2_n3)=0. (11.6)

If one excludes the possibility of a linear dependence
for H, and H,, the only non-zero contribution in
(11.5) is for

(IL.7)

Hence, the threefold summation in (IL.5) is reduced
to a single summation and (7) is obtained.

n, = n,= nN3.

APPENDIX III

© A
The calculation of | pJ,.(pR) I [J,(N “2p)" dp
1] =1

For the calculation of

T p3(oR) T L, (N"2p)dp, - (1L1)

with m defined in (13), it appears to be useful if m
and all orders g, of the Bessel functions in (III.1) are
positive. Let us deal with m=0 (I) and m <0 (II)
separately.
I. m=0. With respect to the g values two possibilities
exist.

(a) All g,=0 for te[1,A]. All orders m and gq,
positive, (III.1) remains unchanged.

(b) Some ¢q,<0, te[l,A]. Let us divide the
summation (13) into three parts:

m= 2 q, Ill +2 szaxz'*'Z %B:Z (I11.2)
] 7] 2

in which the summation over ¢, involves all negative
q values. Both the second and the third summations
run over all positive g values. The rational positive
coefficients a,, and B,, add up to I,,. The zero-g-value
term does not contribute to m and has therefore been
omitted. Select now a,, and B, such that

* g0, +Y q,0,=0. (I11.3)
This expression is equal to
_z |qf||111+z |q12|a12=0' (III‘4)
n 1
Hence, (II1.2) reduces to
m=Y q.8,=Y |9./8,=0. (I11.5)
Equations (II1.4) and (IIL.5) imply that
A
21 |q,|I, =Y |qx.|lz,+2 |qxz|%+2 Iqulﬁxz
=2Y |q,},+m. (111.6)
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Employing (1.3) and (I1L.6), one can write (IIL.1) as
] A

(~)E=lalkmm/2 iy (R) T1 Dia(N™%p)]" dp,
0 t=1

A
m=7Y |q]l. (111.7)
=1

Evidently, the case that all g values are positive is
included in (II1.7) as well.
II. m<0. Application of (L3) to (IIL.1) yields

(- (54 T pliaoR) T Lo (N77p)]"

= T pln(oR) 1 /- N"0)}dp (IILD)

because of (13). Obviously, (IIL.8) can be treated
along the lines of case I, again resulting in (IIL7).
It remains to integrate (IIL7). This equation can
be transformed into a directly integrable form by
application of the approximation formula (L.8),

(11L7)={(—1)(“'")/2 / 2°N*/? fl (qull)"}
xo(f p**'J.(pR) exp [—p>D?*/4]dp (IIL9)

where we have introduced the variables

A
§S=13 |q,|l, (II1.10)
=1
and

A
D*=N"! gl L/(lq.|+1). (IIL.11)

The remaining integration in (II1.9) can be per-
formed using (I.11), resulting in
{2x(=1)¢"™"[(s—m)/2])[R/ D]" exp [-R?/ D]}

A -1
X [Ns/ZDs+2 Hl (Iqt|‘)l,] Lz_m)/z[RZ/D2]
t=
(IIL.12)

with L{;_,./, the associated Laguerre polynomial.
After the introduction of new variables,

pw=(s+m)/2and u*=(s—m)/2
and the function P, ,«(RD™"),
PM&*(RD_I)
=(-1)*"u*(R/D)* ™ Lix*" (R’ D7)

for u=pu*, P,«, =P, .~ the final result is

(I11.13)

(11L.14)

T p7u(oR) T1 Ly (N"20)1"dp
~={2 exp [-R*/D*]P, ,»(RD™")}

N -1
y I:N(#+#*)/2DM+M"+2 I (|q,|!)l‘] - (IIL15)
=1
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P, .»(RD™) is the same function as R, ,~(E) which
was introduced by Naya, Nitta & Oda (1965).
Examples and numerical values can be found in their
Appendix V, Tables 2 and 3. Explicit expressions for
P, .«(RD™") can be generated by means of their

[T873

formula (IV-7),

P,,.(RD™)=§ (—1)’1-!(’:)(’:*)(RD‘I)““*‘Z’

7=0
(111.16)
(u Z[.L* and P“;,,_a- = Pﬂ*'#).
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